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For the study of the distribution of like objects on chessboards, i.e., rectangular 
arrays of square cells, with no lines (rows or columns) of the boards empty, the 
enumerators A,,(t) = ZPA(m; r, s) of r by s rectangles by number of objects, 
defined by 
(1 + P = ,F, (;) (;) 4.(t), 
.- 
are shown to hold a central position. Their properties and uses are examined 
at length. 
1. INTRODUCTION 
The chessboards of the title are, as in MacMahon (2), rectangular arrays 
of square cells. The arrangements are those of specified objects in the cells 
subject only to the requirement that no Iine (row or column) of the array 
be empty. In (l), Carlitz, Roselle, and Scoville have studied the numbers 
S(m; r, s),-the numbers of ways of distributing m like objects into an r by s 
rectangle with no lines empty, by means of definition 
Since the enumerator for occupancy of cell i by like objects (cf. [3, p. 931) is 
E(t; Xi) = 1 + xit + *a* + X$V + *** 
* Work performed in part under the auspices of the United States Atomic Energy 
Commission. 
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with xi” the indicator for specification of occupancy: xi” = 1, if occupancy 
of cells by IZ objects is permitted and zero otherwise; the enumerator for 
unrestricted occupancy of a single cell is (1 - t)-‘. The enumerator for 
xy unlike cells is (1 - t)-“‘; hence (1) is equivalent to 
(1 - tP* = c (:)(;) %.S(t) 
r, a=0 
ST,&) = c WV r, 4 tm, 
m=o 
the enumerator for occupancy of an r by s rectangle by like objects (with 
no lines empty). 
The opposite extreme is that of at most one object in a cell, which has 
cell enumerator 1 + t, and the correspondent to (2) is 
(1 + t)“’ = c (Z)(Z) A.&h 
r.8=0 
which defines the enumerator, A,,,(t), of occupancy of an r by s rectangle, 
each cell of which has at most one object, and with no lines empty. 
Similar equations may be written for any specification of restricted 
occupancy. For a further example, if the cell occupancy is at most p, the 
equation is 
Among all these possible specifications, the enumerator A,,,(t) and its 
coefficients A@; I, s), have a special place in the following sense. Any 
arrangement of m objects on the I by s rectangle may be given a description 
by cell content, which is a partition of m. Thus ignoring empty cells, the 
cell content for A(m; r, s) itself is 1”: each of m occupied cells contains 
one object, or in an obvious notation A(lm; T, s) = A(m; r, s). Moreover, 
it is clear that A(31; r, s) = 2A(2; r, s), since the contents 3 and 1 may be 
permuted in two ways. The general rule 
A(p;lpp .a- ;r,s)=(n!~l!~2!.-.)A(n;r,s) (5) 
with n = rI + rz + *a*, follows easily. Of course, it is consistent with the 
relation, transparent on the comparison of (3) and (4), 
4&p) = A7,8(t + t2 + --- + t”). (6) 
74 RIORDAN AND STEIN 
The development below gives a number of properties of the enumerators 
A,,(t) and their relations to other enumerators. 
2. THE ENUMERATOR A,,,(t) 
From the definition (3), it is apparent that A,,(t) is symmetric in r and s: 
A,,(t) = A,,,(t) and that A,,,(t) = &-, with 8 the Kronecker delta. Next, 
(1 + w = c (;)rcl + 0” - 11’ = c (F) c (;) 4,&), 
+=O C=O .T=O 
so that 
I(1 + 0” - 11’ = z. (;) AT,&) 
or 
The inverse of (7a) is the basic formula 
A,,,(t) = 1 (-1)s+j @(l + t)j - 11’. 
j=O 
Since, by expansion of (8), 
A,,,@) = c (-1)8+j (;) d; (-l)r+i (J(l + V’ 
j=O 
= z. Ah; r, s> t”, 
it follows that 
A(m; r, s) = c (-l)d+f+r+s 
i&O 
which of course is the inverse of 
(7) 
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(Z) = Jo (:)(;) A(m;r*s)- 
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On the other hand, the substitution t = e” - 1 (or u = log (1 + t)) 
changes (8) to 
4.d~) = $Fo (-l>s+j (3)P” - 1)’ 
= ,go (-l)T+S+f+j (j(J eiiU 
= z. (A’O”)(A”O”) u”/n! 
with A’O” = r! S(n, r), the Stirling number of the second kind. Then, 
using the exponential generating function of the Stirling number of the 
first kind, namely (l/n!) log[(l + t)]” = exp ts( , n), with s( , n)m = s(m,n), 
it follows that 
A(m; I, s) = c r! s! S(n. r) S(n, s) s(m, n)/m!, (10) 
?%=O 
which should be compared with the similar result for S(m; r, s) in [l, 
Equation (8. 1 l)]. 
The recurrence for the numbers A@; Y, s) follows from the relation, with 
D = d/d& 
(1 + t) D&(t) = W,.&) + Adt) + A,,.&) + 4-I,,-dOl 
or 
(m+ l)A(m+ l;r,s)+dm;r,s) 
= rs[A(m; r, s) + A(m; r - 1, s) + A(m; r, s - 1) + A(m; r - 1, s - l)] 
(11) 
For concreteness it is worth while looking at the first few coefficient arrays 
which, for m = 2, 3, 4, are as follows: 
r/s 1 2 1 2 3 1 2 3 4 
-- - - 
101 1001 1000 1 
2 12 2046 2 0 1 12 14 
3 166 3 0 12 45 36 
4 1 14 36 24 
Of course A(m; r, 1) = a,, ; A(m; r, m) = r! S(m, r), and, from (lo), 
A(m; r, m - 1) = m-l ( 7) r! [S(m, r) - S(m - 1, r)]; 
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we do not take space for further more complicated instances of the general 
formulas. 
It is interesting and surprising that these arrays of numbers also appear 
in tables [2, p. 2921, entitled, by MacMahon, “Symmetrical Tables of 
Binomial Coefficients.” The character of the tables may be illustrated by 
the case: m  = 4. Here the entry in column s is the coefficient of(r) in the 
expansion of the row variables (t), 2@(y) + (:)2, 3(,“) n2, and n4. Writing 
t, = (YJ), the function expanded in the r-th row for general m  is 
with summation over all partitions of m  with r parts. For r = m  - 1, the 
expansion in question is 
(m - 1)c) nmm2 
= (m - 1) 5’ (‘;)(“,) A*O”-2 
s-o 
= (m - 1) 1 A*Om-2 
S=O 
= cm - l) 2 (Asom-2 + 24e-l@w-2 + As-2om-2) 
= (m - 1) z. (“,I(;) AS-22m-2 
and 
A(m; s, m  - 1) = (m - 
which is equivalent to the formula given above and a little neater. Again, 
for I = 2, the expansion is of 
Write 
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Then, since 
(2m”) =(2n;2) +2(3 +(3 
it follows that 
or 
a m.s = 2am-l,a-1 + am-2.s-l 
a,(x) = C a,,# = 2xa,-,(x) + xam-2(x) 
with a,(x) = 1, al(x) = 2x. The function 
u,*(x) = 2 (” ; “) xn-k 
with U,,*(X) = 1, ul*(x) = x, has the recurrence 
u,*(x) = xq-l(X) + q-,(x). 
Hence 
and 
a,(x) = 2-%,*(4x) = kgo (m k “) 2m-2k~m--s, 
(E) = xJm;s)2m-28(*“s)’ 
A(m; m - s, 2) = m -j- ’ 2m--28, s = l(l)[m/2], 
( 1 
A(m; m, 2) = 2” - 2 = A20m. 
It is worth noting that 
01,~ = c A(m; r, 2) = 2-%,*(4) - 2, 
+ 
which is consistent with 
= z. c--oa+ (32 - (1 + WI-’ 
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and leads to the recurrence 
a rn2 = &k-1,2 + %-2,2 + 4, m = 3, 4,... 
with o(22 = 3. Similar recurrences, of increasing complexity, may be 
found for larger values of s. The numbers 01~~ of course serve as checks on 
the matrices 
Aa = Mm, r, s)), r, s = l(l)m. 
The numbers A,,,(l) are the numbers of (0, 1)-matrices of size r by s 
and with no lines empty; it follows from (8) that 
4,,(l) = 4.8 = z. (-l)8+j (p - l>‘, 
which is also obtained, almost immediately, by use of the principle of 
inclusion and exclusion. Its inverse is 
A short table for these numbers is as follows: 
r/s 1 1 2 3 4 5 
21 7 
3 1 25 265 
4 1 79 2161 41503 
5 1 241 16081 693601 24997921 
Finally it is interesting to notice that the relations: A(rs; r, s) = 1, 
A(rs - 1; r, s) = rs, if either r or s is greater than 1, imply, using (lo), 
the identities: 
(rs)!/r! s! = C S(n, r) S(n, s) s(rs, n) 
= x S(n, r) S(n, s) s(rs - 1, n), r>l or s>l. 
Both sums start with n = max(r, s). 
Writing (1 
(3) that 
or 
Hence 
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3. ENUMERATOR RELATIONS 
- t)-’ = 1 + t + t2 + ***, it follows at once from (2) and 
L(f) = A,&(1 - 0-l) (13) 
Wn; r, s) = El (T 7 :) 4; r, 81, 
A(m; r, s) = C (- l)m-k (r 1: ) S(k; r, s). 
k=l 
In terms of the matrices, A, = (A(m; r, s)), r, s = l(l)m, m > 0 (A,, = 1) 
and S, similarly defined, the last relations are 
sm=&K:) ~~ = A(A + 1)+-l, AL = A,, 
(15) 
A, = gl (- l)m-k ( ; 1 ; ) s, = s(s - 1)+-l, Sk = Sk . 
Next 
implies 
-4,stt; 2) = A,,& + t”> 
A(m; 2; r, s) = & (” i “) 4m - k; r, ~1, (16) 
which follows from 
bnl21 
4m; 2, r, s) = A(1”; r, s) + C A(2jlm4; r, s). 
kl 
Similar, but of course more complicated, relations may be found for 
A(m; p; r, s) with p greater than 2. 
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